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NONINNER AUTOMORPHISMS OF ORDER P FOR FINITE P-GROUPS OF
COCLASS 2
A. ABDOLLAHI∗, S. M. GHORAISHI, Y. GUERBOUSSA, M. REGUIAT AND B. WILKENS
Abstract. Every finite p-group of coclass 2 has a noninner automorphism of order p leaving the center
elementwise fixed.
1. Introduction
Let G be a finite nonabelian p-group. A longstanding conjecture asserts that every finite nonabelian
p-group admits a noninner automorphism of order p (see also Problem 4.13 of [Ko]). This conjecture
has been settled for various classes of p-groups G as follows:
• if G is regular [12, 6];
• if G is nilpotent of class 2 or 3 [2, 4, 11];
• if the commutator subgroup of G is cyclic [10];
• if G/Z(G) is powerful, [1];
• if CG(Z(Φ(G))) 6= Φ(G) [6];
There are some other partial results on the conjecture [8, 13]. In most of the above cited results on
the conjecture, it is proved that G has often a noninner automorphism of order p leaving the center
Z(G) or Frattini subgroup Φ(G) of G elementwise fixed.
It is proved in [3] that if G is regular or nilpotent of class 2 or if G/Z(G) is powerful, then G
has a noninner automorphism of order p acting trivially on Z(G). The following conjecture was put
forwarded in [3]:
Conjecture 1.1 (Conjecture 2 of [3]). Every finite nonabelian p-group admits a noninner automor-
phism of order p leaving the center elementwise fixed.
Our main result is to confirm the validity of Conjecture 1.1 for p-groups of coclass 2.
Theorem 1.2. Every finite p-group of coclass 2 has a noninner automorphism of order p leaving the
center elementwise fixed.
2. Preliminaries
Let G be a nonabelian finite p-group. We use the following facts in the proof.
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Remark 2.1 ([6, Theorem]). If CG(Z(Φ(G))) 6= Φ(G), then G has a noninner automorphism of order
p leaving the Frattini subgroup Φ(G) elementwise fixed.
Remark 2.2 ([1, Lemma 2.2]). If d(Z2(G)/Z(G)) 6= d(G)d(Z(G)) then G has a noninner automor-
phism of order p leaving the Frattini subgroup Φ(G) of G elementwise fixed.
Remark 2.3. If the commutator subgroup of G is cyclic, then G has a noninner automorphism of
order p leaving Φ(G) elementwise fixed whenever p > 2, and leaving either Φ(G) or Z(G) elementwise
fixed whenever p = 2.
Remark 2.4 ([5, Corollary 1.7 and Theorem 1.2]). Let G be a nonabelian 2-group of coclass 1. Then
G it is isomorphic to one of the following groups:
• D2n+1 = 〈a, b | a
2n = b2 = 1, bab = a−1〉 the dihedral group of order 2n+1 for some n ≥ 2.
• Q2n+1 = 〈a, b | a
2k = 1, a2
n−1
= b2, b−1ab = a−1〉 the generalized quaternion group of order
2n+1 for some n ≥ 2.
• SD2n+1 = 〈a, b | a
2n = b2 = 1, bab = a−1+2
n−1
〉 the semidihedral group of order 2n+1 for some
n ≥ 3.
Note that the nilpotency class of G is n.
Recall that a group G is called capable if it is the group of inner automorphisms of some group,
that is, if there exists a group H with H/Z(H) ∼= G.
Remark 2.5 ([14, Theorem]). The generalized quaternion group of order at leat 8 and the semidihedral
group of order at least 16, cannot be normal subgroups of a capable group.
3. Proof of Theorem 1.2
We first prove the following
Theorem 3.1. Let G be a finite p-group of coclass 2. Then G admits a noninner automorphism of
order p.
Proof. Suppose, to the contrary, that every automorphism of order p of G is inner, By Remark 2.2 we
may assume that d(Z2(G)/Z(G)) = d(G)d(Z(G)). Since G is of coclass 2, |Z(G)| = p and d(G) = 2,
Z2(G)/Z(G) is elementary abelian of rank 2. This implies that
• Z2(G) is a noncyclic abelian group of order p
3. Indeed, gp ∈ Z(G) for every g ∈ Z2(G). Thus
[Z2(G),Φ(G)] = 1. Now it follows from Remark 2.1 that Z2(G) ≤ Z(Φ(G)). And,
• G/Z2(G) is of coclass 1.
Let G˜ = G/Z2(G) and n = cl(G˜).
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Case p ≥ 3. By [1], we may assume that G is not powerful, that is
γ2(G) 6≤ G
p(3.1)
Let u ∈ Ω1(Z2(G))\Z(G) andM = CG(u). ThenM is a maximal subgroup of G. Let y ∈M \Φ(G),
x ∈ G \M . Assume L = γ3(G)G
p, w = [x, y] and z = [x, u]. Thus Z(G) = 〈z〉.
The map α : x 7→ xu , m 7→ m, for all m ∈ M extends to an automorphism of order p of G. By
assumption α = θt, the inner automorphism induced by some t ∈ G. Since g
−1α(g) ∈ Z2(G), for all
g ∈ G, it follows that t ∈ Z3(G) and since α(x) = xu, t /∈ Z2(G). Since t ∈ CG(M) ≤ CG(Φ(G)) ≤
Z(Φ(G)) and G/Z2(G) has coclass 1, we obtain Z3(G) = 〈t, Z2(G)〉 and so
Z3(G) ≤ Z(Φ(G)).(3.2)
We have seen that 〈t〉Z2(G) = γn(G)Z2(G), whence u = [x, t] lies in γn+1(G)〈z〉 = γn+1(G). It follows
from (3.2) that n ≥ 2, whence 〈u, z〉 ≤ L.
Let G = G/L. Then G is a two-generator group of exponent p and class at most 2, which makes
it either elementary abelian of order p2 or extraspecial of order p3 and exponent p. If G is abelian,
then γ2(G) ≤ L = γ3(G)G
p, which is possible only if γ2(G) ≤ G
p contradicting (3.1). Thus G is
extraspecial.
Every element of v¯ of G is uniquely represented as a product v¯ = x¯iy¯jw¯k(i, j, k ∈ {0, . . . , p − 1}).
Let define f¯ : G¯ → 〈u, z〉 by f¯(x¯iy¯jw¯k) = ujzk. As [L, Z2(G)] = 1, the group V = 〈u, z〉 becomes a
G-module via vg¯ = vg (g ∈ G, v ∈ V ).
We claim that f¯ is a derivation: Indeed, for j, ℓ ∈ Z, [y¯j , x¯ℓ] = w¯−jℓ and [uj , xℓ] = z−jℓ, whence, for
i, j, k, i′, j′, k′ ∈ Z, we have
f¯(x¯iy¯jw¯kx¯i
′
y¯j
′
w¯k
′
) = f¯(x¯i+i
′
y¯j+j
′
w¯k+k
′
−ji′)
= uj+j
′
zk+k
′
−ji′
= uj+j
′
[uj , xi
′
]zk+k
′
= (ujzk)x
i′yj
′
wk
′
uj
′
zk
′
= f¯(x¯iy¯jw¯k)x¯
i′ y¯j
′
w¯k
′
f¯(x¯i
′
y¯j
′
w¯k
′
).
Now define f : G → V by f(g) = f¯(g¯) (g ∈ G). It is clear that f is a derivation. Let σf ∈ Aut(G)
be defined by σf (g) = gf(g) (g ∈ G). Observe that [G, σf ] = V ≤ L ≤ CG(σf ). As V is elementary
abelian, it follows that σpf (g) = gf(g)
p = g (g ∈ G)i.e. o(σf ) = p.
If σf = θg is an inner automorphism induced by the element g, then [G, g] = [G,σf ] ≤ Z2(G). Thus
g ∈ Z3(G). By (3.2), g ∈ Z(Φ(G)) and so w
g = w. Now wg = σf (w) = wz and so z = 1 a contradic-
tion. This completes the proof in the case p ≥ 3.
4 A. ABDOLLAHI∗, S. M. GHORAISHI, Y. GUERBOUSSA, M. REGUIAT AND B. WILKENS
Case p = 2. As we assumed, cl(G˜) = n. Thus cl(G) = n + 2, and γi(G)Z2(G) = Zn+3−i(G) for all
i ∈ {1, . . . , n}. Furthermore by [2] and [4] we may assume n ≥ 2. Now it follows from Remark 2.4,
that G˜ is isomorphic to either D2n+1 , Q2n+1 or SD2n+1 .
Since G˜ is capable, Remark 2.5 implies that G is isomorphic to D2n+1 . It follows that G = 〈x, y〉
for some x, y ∈ G such that
G˜ = 〈x˜, y˜ | y˜2
n
= 1˜, x˜2 = 1˜, y˜x˜ = y˜−1〉,
where x˜ = xZ2(G) and y˜ = yZ2(G). We obtain
• [x, y] = y2t for some t ∈ Z2(G),
• [x, y2] ∈ y4Z(G),
• [x, y4] = y8 and so 〈y4〉⊳G.
• γi(G) ≤ 〈y
2i−1〉Z(G) ≤ 〈y2
i−1
〉 for 3 ≤ i ≤ n+ 3.
Now since γn+2(G) ≤ Z(G), it follows that Z(G) = 〈y
2n+1〉. Thus Z2(G) = 〈y
2n〉 × 〈v〉 for some
element v of order 2.
Thus t = y2
nivj for some integers i, j. Then y2t = y2(1+2
n−1i)vj and (y2t)2 = y4(1+2
n−1i). Therefore
G′ = 〈[x, y], γ3(G)〉 ≤ 〈y
2t, y4〉 = 〈y2t〉 is cyclic. Now it follows from Remark 2.3 that G has a
noninner automorphism of order 2 leaving either Φ(G) or Z(G) elementwise fixed, a contradiction.
This completes the proof.

Proof of Theorem 1.2.
Let G be a finite p-group of coclass 2. Then |Z(G)| ∈ {p, p2}.
If |Z(G)| = p then every p-automorphism of G leaving Z(G) elementwise fixed. Thus Theorem 3.1
completes the proof. Hence we may assume that |Z(G)| = p2.
If Z(G) 6≤ Φ(G), then for some g ∈ Z(G) and some maximal subgroup M of G we have g /∈ M .
Thus cl(M) = cl(G) and so M is of maximal class. It follows from [1, Corollary 2.4.] that M has a
noninner automorphism α of order p leaving Φ(M) elementwise fixed. Now the map given by g 7→ g
and m 7→ mα for all m ∈ M , determines a noninner automorphism of order p leaving Z(G) elemen-
twise fixed. Therefore we may assume that Z(G) ≤ Φ(G). It follows from Remark 2.1 that G has a
noninner automorphism α of order p leaving Φ(G) elementwise fixed. Since Z(G) ≤ Φ(G), α leaves
Z(G) elementwise fixed. This completes the proof. 
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